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Numerical Procedure for the Dynamic Analysis
of Truss Space Structures

Silvano Tizzi*
University of Rome “La Sapienza,” 00184 Rome, Italy

A numerical procedure, which lies between Rayleigh-Ritz and the finite element method so far applied only to

aeronautical structures in both two- and three-dimensional space, is utilized for the dynamic analysis of periodic
truss space structures, typical of appendices of artificial satellites. The structural components are unidimensional
tube-type elements with circular cross sections. They are considered as beam elements, for which a complete model
for the internal strain energy has been utilized. Three different numbers of component bays of these structures
are assumed in the numerical applications, and the obtained results are analyzed. The advantages of the proposed
method as the number of the component bays increases, particularly with respect to the CPU time, are pointed
out comparing the obtained results with the ones of a classical finite element method numerical program, such as
MSC/NASTRAN.

Nomenclature
beam cross-sectional area
modulus of elasticity
parameter containing the modulus of elasticity
occurring integrals determined by the local
describing functions
shear rigidity modulus
parameters containing the shear rigidity
modulus
global describing functions
coefficients of the generic variable S,
flexural moment of inertia
torsional moment of inertia
stiffness matrix
length of the generic beam
nondimensional length of the generic beam
reference length
local describing functions coefficients of the
generic variable S, in the I,th beam
mass matrix
number of Lagrangian degrees of freedom
number of global describing functions along
the axes X, Y, and Z, respectively
number of local describing functions
occurring mixed integrals determined
by the global and local describing functions
coupling
occurring integrals obtained by the global
describing functions
generic Lagrangian degree of freedom
rotation matrix element connecting the axis x;
with the axis X;
parameter containing the modulus of elasticity
parameters containing the mass density and J;,
J;, and A, respectively
generic independent variable
kinetic energy
nondimensional displacements along
the axes of the main reference system
nondimensional displacements along
the axes of the local reference system
axial strain energy
flexural strain energy
total strain energy
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Subscripts
iaa i},, la,
ja’ jh’jc
ir’ j&; iL’I" jL’S
Nies Fies sje
X, Y, Z

X, y,2

Superscripts

(Ip)
(n), (r), (s)

torsional strain energy

shear strain energy

displacements along the axes of the
main reference system
displacements along the axes of the
local reference system
nondimensional coordinates of the
main reference system
nondimensional coordinates of the
local reference system

main reference system

local reference system

azimuth angle of the oriented beam
elevation angle of the oriented beam
Kronecker’s delta

rotations along the coordinates of the
local reference system

rotations along the coordinates of the
main reference system

mass density

shear factor

angular frequency

nondimensional frequency parameter

coefficients of the global describing

functions

Lagrangian degrees of freedom

coefficients of the local describing functions
rotations around the axes of the local reference
system

rotations around the axes of the main reference
system

identification number of the I,th beam
generic independent variable

Introduction

HE study of the dynamic behavior of periodic structures has
been developed by several authors. In most cases the proposed
methods of analysis lead to generalized eigenproblem formulations
that require the computation of complex eigenpairs.
Meirovitch and Remi' utilized a matrix difference equations
model to obtain a solution to external excitations response of truss
structures by the Z-transform method. Santini et al.”> developed a



numerical program, starting from the finite element method (FEM)
and considering the structure as formed by a periodic series of com-
ponent bay elements, connected by an interface between adjacent
elements.

Renton® built a numerical approach to determine the elastic be-
havior of space trusses consideringan equivalentbeamlike model of
the whole structure. This numerical model was performed by cast-
ing the matrix equations for pin-ended bars, which are component
members with only axial rigidity, to construct the finite difference
equations for the static and dynamic analysis. Sun and Liebbe* pro-
posed a numerical model for the truss structures by utilizing an
equivalent Timoshenko beam to simulate the whole structure.

Most of the utilized approaches consider the truss component
members as pin-endedbars. An interestingand more accurate model
was proposedby Anderson®® and Anderson and Williams’ for struc-
tures with repetitive geometry. In this approach the exact solution
of each beam component member with transcendental describing
functions was utilized to form the stiffness matrix. The method
was applied to both hexahedral truss platforms and satellite antenna
structures. Also, this method leads to the research of complex eigen-
solutions for the static and dynamic analysis of space structures.
Quozzo® proposed an analytical method to find the exact solution
with a complete equations system utilizing transcendental describ-
ing functions for each beam member component of the structure.

In this paper polynomial describing functions have been used,
which give higher numerical stability. More specifically, polyno-
mial functions are more suited for well-conditioned stiffness and
mass matrices achievement? A numerical procedure,'°~!> which
arises from the Rayleigh-Ritz method (see Refs. 16 and 17) and
which is obtained combining the Ritz analysis with the variational
principles'®!® (like FEM®2%-2!), is applied and developed to space
structures with repetitive geometry. Together with global describing
functions, local describing functions of each truss member are also
employed (as in FEM), which vanish at the ends of the element, but
grid points are not introduced.

The stiffness and mass matrices can be formed vs the Lagrangian
degrees of freedom (DOF), which are the coefficients of the global
and local series describing functions. Imposing the stationary condi-
tions of the total energy'® leads to the generalized eigenvalue prob-
lem, which canbe solvedutilizing the subroutinesFO7FDF, FO8SEF,
and FO2FCF of the Numerical Algorithms Group utility package.?

A comparisonof the results obtained with the correspondingones
found by another numerical program, which utilizes the same com-
plete model of axial, torsional, flexural, and shear beam behavior
for each truss member, is used to validate the eigensolutions de-
termined, and the FEM numerical program MSC/NASTRAN? is
chosen.

Rotation Relations
An oriented beam in the main reference system x, y, z is shown
in Fig. 1.
A local beam reference system x;, y;, z; is introduced, with the
axis z; parallel to the plane x, y, which is connected with the main
reference system x, y, z by the following relations:

i=123,

i=1,23 (a

X; = Xxo + Rijxy;,

X

Fig. 1 Oriented beam in the main reference system x, y, z.
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where
X1 =X, X2 =Y, X3 =2, Xo1 =Xo, X02 = Yo
X03 = 20> X =X, X2 = is x3=z (1b)
and the rotation matrix elements are
R, =cosacosf, R, = —cosasinf, R,; =sina
R, =sinacosf, R,, = —sinasin f, R,; = —cosa
R;; =sinf, R3, =cosp, Ry =0 (1c)

We define a nondimensionallocal coordinatessystem X, Y, Z;:

X, =x;/Ly, Y, = y/Ly, Z =zl Ly (2)
where L is a reference length. Another nondimensional reference
system X, Y, Z, which coincides with x, y, z but with a scale factor
1/ Ly, thatis, X =x/Ly,Y =y/Ly, Z =z/ Ly, is introduced. Obvi-
ously the two nondimensional reference systems X, Y, Z and X,
Y,, Z, are connected by the same rotation relations. Also the length
L of each beam can be reformulated in nondimensional form as
L=L/L,.
It is then possible to evaluate the integral

L
T(igiyi., i,) = / Xy ziexle~'dx, 3)
0

knowledge of which is required to form the stiffness and mass
matrices.

The displacementsu;, v;, w;, along the axes x;, y;, z;, respectively,
can be written in terms of the correspondingones u, v, w along the
axes x, y, z, respectively, as

u; = Rju;, i=1,2,3, j=1273 (4a)
where
Up =uyp, Up =V, Uz =w;
u, =u, U, =v, Uy =w (4b)

We introduce the nondimensional displacements U, V, W along
X, Y. 2

U =M/L0, \% =V/L0, w =W/L() (5)

and the correspondingdisplacements U;, V;, W, along x,, y,, z;,

Ul =M1/L(), Vl =V[/L(), Wl =W[/L() (6)
Obviously the relations between U, V;, W, and U, V, W are the
same as in Eq. (4a).

Then the rotations Oy, 6y, 6, around the axes x;, z;, —Yy;, re-
spectively, are introduced, which are connected with the rotations
0., 0,, 0, around the axes x, y, z, respectively,by the same rotation

relations as in Eq. (4a):

0: = R;;0;, i=1,23, i=123 (72
where
0, = 6k, O = =0z, O3 =6y
6 =0, 6, =0,, 6 =0, (7b)
Mathematical Model

The expression of the flexural strain energy of the generic beam

reads
VEJ, (Y] [/00,\ [00,\°
U ==~ —= ) +(==) |ax, ®)
2L, J, |\ox, 2X,
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The expression of the shear strain energy can be written as

1GA L v\’ oW\’
U, ==———L, 0,—— ) +(0,——) |dx, ()
2 X 0 aX[ aX,

The torsional strain energy expression is defined as follows:

1GJ, [*(a6y)
U =—— — ) dx, (10)
2 Ly J, \oX,
The axial vibration energy can be written as
1 Lrou\
U, = —EAL, —) dx, (11)
2 o \9X;

Then in expressions (8-11) we substitute in place of Oy, 6y, 67
andU,, V,, W, theirrelationsvs 6,, 6,, 0, and U, V, W, respectively,
for which we assume a representationin form of series expansions
of polynomial global and local describing functions:

Nel
Sy =y gl Xy zi+ Y I x(L - X))
iaipic ie=1
i, =12,...,N,, i,=0,1,2,...,N,— 1
i.=0,1,2,...,N. =1 (12a)
considering that the clamped edge is supposed at X =0, and
nj, =(}’l— 1)]vcl +ie’ Ih = 1a2’~“’thams (lzb)

where the generic independentvariable S, correspondsto U, V, W,
0, 0,, and 0. for n =1, 2, ..., 6, respectively, Ny is the number
of local describing functions in every single beam, and 7, is the
identification number of the generic beam, which can be at most
equal to the whole number of beams Ny,n,s. For this reason, we
have that the whole number of Lagrangian DOF is

N =N* +6thamchl (13)
where N* =6N,N,N,.. After substitution of the series expansions

(12a) into Egs. (8-11) and taking into account the rotation relations
between differential operators

0 0
ﬂ =Ri1£’ i=1,2,3 (14a)
0X; 0X;
where
X, =X, X, =Y, X;=Z (14b)

we obtain a series of integrals as in Eq. (3), which can be evaluated
(see Appendix A), and consequently the total strain energy

Ur =U; +Uy +U, + U, (15)
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can be determined vs the Lagrangian DOF
1
Uy =Ezkiqu‘qj' (16)
ij

where k;; are the elements of the stiffness matrix K (see Ap-
pendix B).
The generalized DOF ¢; can be defined as follows:
9 = 811, (172)
for
i <N” (17b)

and consequently,

i =(i, —1)N,N, +i,N, +i.+(n—1)(N"/6)+1 (17¢)
whereas for
N*<i <N (17d)
we have
g =1\ (17e)
and also
i=N*"+ (I, — 1)6Ny + n,, (171

Also the total kinetic energy

1 L
T = EpszU/ [ALZU? + 7,03 + J (6} + 62)]dX, (18)
0

can be expressed vs the Lagrangian DOF as
1
T:Ea)ZZmijqiqj (19)
ij

where m;; are the elements of the mass matrix M (see Appendix B).
Last, by minimizing the total energy,'®!° we arrive at the generalized
eigenvalue problem:

(K —ao*M)Q =0 (20)
the solution of which is found by appropriate algorithms.

Applications

The geometricshape of the periodicstructure with two component
bays and the cross section of the generic beam are shown in Fig. 2.

The shell thickness can be neglected with respect to the radius of
the cross section for the computation of the torsional and flexural
moment of inertia.

The frequencyand modal shapescomputationhas been performed
for the three-, four-, and five-bays cases, respectively.

Results

The nondimensional frequency parameter o, is connected with
the true frequency o via the following relation:

a)f, = o’ (pLg/E)

Table 1 refers to the case of three-componentbays of the peri-
odic structure. The values of the first three vibration modes (VM)

Table1 Vibration frequencies obtained in the first case

Numerical
parameter PM PM PM FEM FEM FEM FEM FEM FEM FEM
N 306 324 378 756 918 1242 1566 3186 6426 12906
CPU, s 3.0 3.54 5.23 7.1 8.8 11.5 12.2 24.4 48.5 103.2
[27]
First VM 0.001884 0.001884 0.001884 0.001765 0.001795 0.001827 0.001842 0.001867 0.001876 0.001880
Second VM 0.002125 0.002125 0.002125 0.002021 0.002047 0.002074 0.002087 0.002108 0.002116 0.002120
Third VM 0.003771 0.003771 0.003771 0.003711 0.003723 0.003736 0.003744 0.003756 0.003763 0.003766




have been obtained both by the proposed method (PM) and the
FEM, utilizing a MSC/NASTRAN? program (version 70 and with
lumped mass formulation). The unidimensional elements utilized
in the MSC/NASTRAN program are BEAM, with constant cross-
sectional geometric characteristics.

The FEM numerical test matrix that specifies the number of ele-
ments into which both the longitudinal (long) and transverse beams
(short) are divided is given in Table 2. In Table 3, the PM numerical
test matrix, which reports the number of global and local describing
functions vs the number N of Lagrangian DOF is shown.

Table 4 shows the same frequency parameter values in the second
case with four bays. The corresponding FEM and PM numerical
test matrices are shown in Tables 5 and 6, respectively. The results
obtained in the third case with five component bays are reported in
Table 7, whereas Tables 8 and 9 show the corresponding FEM and
PM numerical test matrices, respectively.

b)

Fig. 2 Geometric shape of the periodic structure with a) two compo-
nent bays and b) cross section of the generic beam member.

Table 2 FEM numerical test matrix
in the first case

TIZZ1
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It is possible to see that the results of PM converge very quickly
toward their limit values, and for this reasona graphicaltest of the be-
havior of the frequency value vs 1/ N is not necessary, which instead
is very usefulin the case of FEM. If we look at the Fig. 3, where the
behavior of the first nondimensional frequency value vs 1/N in
the first case considered is shown, we can notice that the value of
the FEM converges toward the PM value. In Fig. 3, the FEM results
of the first frequency, shown in Table 1, appear as marked dots.

The behaviors of the first frequency in the two other cases and
of the second and third frequency values vs 1/ N are very similar to
that of the first frequency of the first case, and for this reason they
have not been reported in the text.

The modal shapes obtained by both methods have to be consid-
ered. Such modal behaviorshave been obtainedby FEM by dividing
the longitudinal beams into 20 elements and the transverse beams
into 10 elements. In the same grid points of the FEM model, the dis-
placements values along the three axes of the main reference system
have been computed by the describing functions utilized in the PM,
and the modal shapes have been built for a comparison with those
of FEM. The grid points at the clamped edge, with canceled DOF,
are marked in all of the modal shapes drawings.

In the text, only the modal shapes obtained by the PM have been
shown because the corresponding ones obtained by FEM are iden-
tical. Moreover only the modal shapes obtained with five bays are
reported because the others are very similar. In Figs. 4-6 the modal
behaviors corresponding to the first, second, and third frequency,
respectively, obtained by PM with N =612 are shown.

Discussion

The results obtained will be discussed and the reason for which
three cases with increasing number of component bays have been
chosen will be explained.

In the first case, if FEM is utilized N =12,906 DOF with 103.2-s
CPU time are necessary to obtain very accurate values of the fre-
quency, whereas N =306 DOF and 3.0-s CPU time are sufficient
with PM. Inthe secondcase N = 17,208 DOF and 157.0-sCPU time
are necessary to obtain very accurate values of the frequency with
FEM, whereas N =504 and 11.0-s CPU time are sufficient if we
utilize the PM. In the third case, N =21,510 DOF and 328.7-s CPU
time are required by FEM to obtain very accurate results in compar-
ison with N =630 and 19.84-s CPU time necessary with PM. From

Table 5 FEM numerical test matrix
in the second case

N Long Short
N Long Short
1,008 10 5
756 10 > 1,224 12 6
18 12 6 1,656 16 8
1,242 16 8 2,088 20 10
1,566 20 10 4,248 40 20
3,186 40 20 8,568 80 40
6,426 80 40 17,208 160 80
12,906 160 80
Table 6 PM numerical test
Table 3 PM numerical test matrix in the first case matrix in the second case
N N, Ny N. Nei N N, Np N Nel
306 5 1 3 2 486 3 1 3 3
324 6 1 3 2 504 4 1 3 3
378 3 1 3 3 522 5 1 3 3
Table4 Vibration frequencies obtained in the second case
Numerical
parameter PM PM PM FEM FEM FEM FEM FEM FEM FEM
N 486 504 522 1,008 1,224 1,656 2,088 4,248 8,568 17,208
CPU, s 9.95 11.0 12.10 9.1 10.0 12.2 15.0 29.3 69.6 157.0
(2]
First VM 0.001385 0.001380 0.001380 0.001291 0.001316 0.001341 0.001352 0.001369 0.001375 0.001377
Second VM 0.001580 0.001577 0.001577 0.001499 0.001520 0.001541 0.001551 0.001566 0.001571 0.001574
Third VM 0.002828 0.002824 0.002824 0.002787 0.002795 0.002803 0.002808 0.002816 0.002819 0.002822
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Table7 Vibration frequencies obtained in the third case

Numerical
parameter PM PM PM FEM FEM FEM FEM FEM FEM FEM
N 612 630 648 1,260 1,530 2,070 2,610 5,310 10,710 21,510
CPU, s 17.95 19.84 21.26 10.1 114 14.2 18.8 36.4 100.3 328.7
g
First VM 0.001087 0.001086 0.001086 0.001013 0.001035 0.001056 0.001065 0.001078 0.001082 0.001084
Second VM 0.001252 0.001252 0.001252 0.001188 0.001206 0.001224 0.001232 0.001244 0.001248 0.001250
Third VM 0.002258 0.002257 0.002257 0.002231 0.002237 0.002243 0.002246 0.002252 0.002254 0.002256
Table 8 FEM numerical test matrix
in the third case
N Long Short
1,260 10 5
1,530 12 6
2,070 16 8
2,610 20 10
5,310 40 20
10,710 80 40
21,510 160 80
Table9 PM numerical test matrix
in the third case
Fig. 5 First in-plane x, y flexural mode shape corresponding to the
N Nq Np Ne Nl second frequency, obtained in the third case by the PM with N = 612.
612 4 1 3 3
630 5 1 3 3
648 6 1 3 3
1,90
1,88 A
1,86 4
)
- 1,84 A
> 1,82
= 4
gt
1,80 A
1,78 Fig. 6 First torsional mode shape corresponding to the third fre-
176 quency, obtained in the third case by the PM with N = 612.

0 2 4 6 8 10 12 14
(1/N) x10*

Fig. 3 Behavior of the first frequency obtained by the FEM vs 1/N in
the first considered case.

z

Fig. 4 First out-of-planex,y flexural mode shape corresponding to the
first frequency, obtained in the third case by the PM with N = 612.

this, we have an immediate consequence: the higher the number of
componentbays, the bigger the advantages of PM. This means that
the convenience of utilizing this procedure, both for the CPU time
and for the core storage requirements of the computer (which de-
pend on the number N of DOF), becomes greater as the number of
componentbays increases. We can notice also that, if high accuracy
of the obtained frequency results is not requested, in the third case
similar frequency values are obtained approximately with the same
CPU time by both methods (18.8 and 17.95 s, respectively), but also

in this case a number of DOF much higher with FEM than with PM
is necessary (2610 and 612 DOF, respectively).

Conclusions

The advantages just noted become more consistent if higher-
order vibration modes are requested because the CPU time of the
MSC/NASTRAN program increases with the number of eigensolu-
tions required much more than the corresponding time of PM. The
geometric shape of the periodic structure appears to be simple in
the present paper, but the numerical program can be easily adapted
to more complex shaped space truss structures to be applied for the
dynamic analysis of all of the truss structural elements of satellites
or space stations. In the same way the utilized numerical model can
be properly modified to be applied also to structures with repetitive
geometry not exactly periodic. For example, with cross-beam ele-
ments, the length varies linearly vs the structure axial coordinate,
that is, instead of prismatic structures we could have pyramidal
structures.

We can conclude by emphasizing that this method offers a lot of
advantagesin comparison with the traditional FEM numerical mod-
els, without the necessity of finding complex eigensolutionsas most
of the other approaches recently developed, and takes advantage of
the repetitive geometry of space truss structures.

Appendix A: Evaluation of the Occurring Integrals
The integral in Eq. (3) has to be evaluated. Equation (1a) can be
written in nondimensional form:

X; =X + R X, (A1)



The dependence of X-Y-Z on the coordinates Y;- Z; is not consid-
ered because we move along the axis X; to compute the integral in
Eq. (3), and we can write

ia — - i“ lg yla yia —la
X —Z(J(m Xy X

lg=0 \¢

ib .
in ty Ip xlb yiv = lb
& =Z<lh>(R21)/Xl/Y0’ ¢

I, =0

ic — - I e yle 7ic—le
z _Z<l‘>(R31)’ X'z (A2)

=0 \°€

By substituting Eq. (A2) into the expression of the integral in
Eq. (3), we obtain

Z(ia’ i},, iL" le) =

la b le

Z Z Z(RII)IH(RZI)I[)(RN)IU X;]“ —la Y(l]‘b =1Ip Zé](. =l

la=01, =01 =0

Zl“ +ip +le+ie

R "
We introduce the generic polynomial
P(iy, iy, i) = XY Zi (A4)
and
Py(iy, iy, i) = 9P liay ly, L) (A5)

X,
which for the rotation Eq. (14a) is equal to
Py(iy, iy, ic) =
({01 *+ipGp +i63) R P(iy — 81,0 — G2, i — G3)
i=1,23 (A6)

We introduce the integral

L
Pp(ia; iy, ics Jas Jos Je) =/ Pia, i, i) P(Jas J, Jo) dXp (AT)
0

which, taking into account Egs. (3) and (A4), is equal to
Pp(iaa iha iL" jaa jha JL) =Z(ia + jaa ih + jha iL‘ + jfa 1) (Ag)

Then we define the integral
L
Pdp(iaa i},, ica jaa jha JL) =/ Pd(iaa iha if)P(jaa jha JL) Xm (Ag)
0

which for Egs. (A4), (A6), and (3) can be written as
Pup(ias ips bes Jas Jor Jo) = (a6 +ip62 + i:03) Ry
XIL(iy + Jo = S1sip + Jo — Onsic + jo — 83, 1)
i=1,2,3 (A10)

and the integral

L
Pdpd(iaa iha iL" jaa jha JL) = / Pd(iaa i},, if)Pd(jaa jha JL) Xm
0

(A1)
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which for the same mentioned relations becomes equal to
Pdpd(iaa iha ica jaa jha JL) =
(1061 + p0n +1:03)(JuSj1 + Jjp6j2 + JeO3) R Ry

XLy + jo — 61 = O, 0y + Jo — 6o — Opp, e + Jo

=683 — 03, 1), i=1,2,3, j=1,273 (A12)

We introduce the generic polynomial

e(i,) = X/°(L — X)) (A13)
and
. oe(i,)
) = Al4
eq(i,) X, ( )
which is equal to
eip) =i, X 'L — (i, + DX} (A15)

We introduce the integral

L
Py, iy, ic, Je) =/ P iy, iy, i)e(Jo) dX; (A16)
0

which for relations (A4), (A13), and (3) is equal to

Pe(iaa i},, iL" ]e) = Zz(ia’ i},, iL" je + 1) - Z(ia’ iha iL" je + 2)
(A17)

Then we define the integral

L
Paelia, iy, ey Je) =/ Py(ia, ip, ic)e(je) dX, (A1)
0

which, taking into account Eqs. (A4), (A6), (A13), and (3), can be
written as
Pye(ia, iy ic, jo) = (a6 +ip6p +i.83) Ry

X[LIZ(iy = &1,ip = Gasic = G3, Je + 1)
=Z(iy = 8150y = G2, ic — 83, Jo + 2)]

i=1,2,3 (A19)

and

L
Ped(iaa iha iL" JL’) = / P(iaa i},, if)ed(je) Xm (AZO)
0

which, for Egs. (A4), (A15), and (3) becomes

Ped(iaa iha iL" JL’) =jeZZ(iaa iha iL" ]e) - (]e + I)Z(iaa iha iL" je + 1)
(A21)

We introduce the integral

L
Paealia, iy, ic, Je) =/ Py(ia, iy, i)eq(je) dX; (A22)
0

which, taking into account Egs. (A4), (A6), (A15), and (3) becomes
equal to

Pea(ia, iy, ic, jo) = ({01 + 062 +i:63) Riy
X[jeLZ(iy = &1, iy = 2y ic = 83, Ji)

= e + DIy = 81,0y — G2, i — 33, Jo + D]
i=1,2,3 (A23)

We define the integral

L
€e(ies Jo) =/ e(i;e(j.) dX, (A24)
0
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which, for Eq. (A13), is equal to

eo(iv, j.) = (Z)i”+j”+3 1 _ 2 + 1
’ i, +j,+1 i, +j+2 i, +j +3

(A25)

and

L
eqeics Je) =/ eq(ioe(j.) dX; (A26)
0

for which, taking into accountthe Egs. (A13) and (A15), one obtains

L e o2 i, 2i, + 1 i, +1
eae(ic, jo) = (L) - — T s T ;
i, + J, i, +j,+1 i, +j, +2

(A27)
Last we introduce the integral
L

€aealle, Je) =/ eq(ic)eq(jo) dX; (A28)
0

which, considering Eq. (A15), can be written as

leJe

Caealies jo) = (L)' *7e* ‘[HJ—-_I

_ilet DG Do, et DO 1)} (A29)

i, + j, i+, + 1
Appendix B: Evaluation of the Stiffness
and Mass Matrices

Now the stiffness and mass matrices can be determined. All of the
integrals, P, Pup, Papa, Pe, Paes Pea, Paca, €c, €qe, and eg.q, evalu-
ated in Appendix A will be utilized.

First, the contributiondue only to the global describing functions
will be considered. Six couples of subscripts i, and j,, correspond-
ing to the coefficients of the global describing functions of the in-
dependent variables U, V, W, 0,, 0,, and 0, for r,s =1,2,...,6,
respectively, have to be introduced. Hence, we have

Q) @

9ir = 8igipic 9is = 8jalpic> rs=12,...,6 (Bl)

and, consequently,
i, =@, —1) XN, XN, +i, XN, +i,+(r —1) X(N*/6)+ 1
Jo=0a—=1) XN, XN, + j, XN, + j.+(s —1) X(N*/6) +1
(B2)

wherei,, iy, i, Ju, Jb, and j. are the series expansionsexponentsof
the global describing functions, introduced in the text.

If the series expansions (12a) are substituted into the flexu-
ral, shear, torsional, and axial strain energy expressions, as in
Eqgs. (8-11), taking into account the rotation relations, as in Egs.
(4a) and (7a), and Egs. (15) and (16), we obtain

ki,jy =R, _31R; _31PspaGro+ (R, _33R;_33+ R, _3,R,_3,)

irls

X(PypyEso + G4P,), r,s =4,5,6 r<s (B3)

k, = _Gdep[RrZRx—3,3 - Rr3 Rs‘—3,2]

irls

r=1,2,3, s =4,5,6 (B4)

ki i = PipaGalR 2R + R3R31 + PypySaa R R

irls

r,s =1,2,3, r<s (B5a)

where

Gt() =GJt/L(), Efg =EJf/LU

G, =(GA/y)Ly, S = EAL, (B5b)

If seriesexpansions(12a) are substitutedinto the expressionof the
kinetic energy in Eq. (18), taking into account the rotation relations
and Eq. (19), we can determine the mass matrix elements

m, o =R, _31R;_31P,S, +[R _3,R_3,
+Rr—3,3Rx—3,3]PpSmfa r,s =4a 5’6 r<s (B6)
m; ;. = PpSmm r=1273 (B7a)
where

Smt =thLU’ Smf =pJfLUa Smu =PAL?) (B7b)

There are also local describing functions,and, consequently,their
contributionsto the stiffness and mass matrices have to be takeninto
account.

First it is necessary to introduce six couples of subscripts i,,
and j,, corresponding to the coefficients of the local describing
functions of the independent variables U, V, W, 6,, 6,, and 0,, for
r,s=1,2,...,6, respectively. We have then

— 7Up) — 7Up)
Gier _lr,-g s G jes _lS/g ’

rs=1,2,...,6 (B8a)
where

Tie =(r - I)Nel + iea Sje =(S - I)Nel + je

fey jo=1,2,..., Ny, r,s=1,2,...,6 (B8b)
and, consequently,
lg =N"+ (I, = 16Ny + 13,
Jes =N*+ (I, — 1)6N,, + 5;, (B9)

Then the mixed terms, which arise from the coupling between
the global and local describing functions, have to be considered. If
series expansions (12a) are substituted into the same expressions
of the flexural, shear, torsional, and axial beam strain energy [Egs.
(8-11)], taking into account the rotation relations and Eqgs. (15) and
(16), one obtains

Kijow = Ry _31 Ry 31 P1eaGro + [R _33R;_33+ R _3,R,_3,]

ir jes

X(PyegEpo + G4 P,), r,s =4,5,6 (B10)

ki,—j” = _Gdee[RrZRx—3,3 - Rr3Rx—3,2]
r=1,2,3, s =4,5,6 (B11)
kiyjeo = =GaPac[ Ry —33R2 — R, _32R3]

r=4,5,6, s =1,2,3 (B12)

k = PueaGulRa R + R3R31+ PyeySua Rii Ry

ir jes
rs=1,2,3 (B13)
If series expansions (12a) are substituted into the expression of

the kinetic energy in Eq. (18) and taking into account the rotation
relations and Eq. (19), we can determine the mass matrix elements

My =Ry 31 Ry _31PoSp + [R_32R_35
+Rr—3,3Rx—3,3]PeSmfa r,s =4,5,6 (B14)
m;, j, = PeSmm r = 1, 2, 3 (BIS)

Next, the contributionsdue only to the local describing functions
have to be considered. If the series expansions (12a) are substituted



into the flexural, shear, torsional,and axial strain energy expressions
[Egs. (8-11)], takinginto accountthe rotationrelationsand Egs. (15)
and (16), we have

=R, 3R _31€404Gr0 + [R,_33R;_33 + R, _3,R, _3)]

Ler Jes

X (€geaE o + Gye,) r,s =4,5,6, r<s (B16)
Ko jos = =Ge4e[R2Rs 35— RisR;_3,]
r=1,23, s =4,5,6 (B17)
ki, jos =€aeaGalR2R + R3R3] + €400 Sua R Ry
r,s =1,2,3, r<s (B18)

If seriesexpansions(12a) are substitutedinto the expressionofthe
kinetic energy in Eq. (18), taking into account the rotation relations
and Eq. (19), we can determine the mass matrix elements

My joy = Re—31Rs _31€:8, + [R._32R; 3,
+ R, _33R, _33le.S,y, r,s =4,5,6, r<s (BI19)
ier jer = eeSmua r = la 2’ 3 (BZO)

Last, the symmetry of both the stiffness and mass matrix has
to be imposed so that also the dual elements of the ones already
determined can be found:

ki =ki; (B21)
mj; =m, i=1,N-1, j=i+1,N (B22)
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